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of a certain Fourler coefficient

by
C.G. Lekkerkerker and A.H.M. Levelt

In his report "The expansion of & function into a Fourier
gseries with prescribed phases valid in the half-pericd interval"
(Rapport TW 33), Dr H.A. Lauwerier considered among other things
the problem of expanding a function f(x) in the interval (0,m)
into a series of the form:

(1) ﬁf b, sin (nx + ),

N=1

where p« is a real or complex constant with pm#0, ‘Refti< k., To
this end he introduced the function

g.(z) = Z: b e inz (Im z >0).

N=1

Defining @g(w) and ¢(t) by
#(-cos z) = g _(z)
$(-cos x) = £(x) ,
he proved that

1 o
#(w) = (%é—})’*%j (F) if%l dat .

=1
Thus the coefficients b_ in (1) are given by

(2) b= i $p(-E(s+ D)) 57 a5

/l

1 1-8y2m 1 1=ty $(t)

, (2=2) j (Azt) at
2171 l”‘}*)f 1+8 TT‘ < 1+T t % (S+ g)

(see formulas 3-15 and 5-2 in the named report). These formulas
hold under rather general conditions for the function ?(t), e.g.
that 1t be differentiable in [0,rr]

Lauwerier further investigated the behaviour of b for large
n. He stated without proof that e.g. if f(x) is differentiable at
X=+", one has 1)

For the last line of p,. 13 should read

(S22 - (3 {wotg)} .

£ -




n+1 24 -2 NP R
(3) b, =42 A ¥ 2 ' B +0 nf'?*eii‘-‘t?,
? O(ap)  n'=5M  [(o2p) nHeR ( Bi
where )
A ) 1 1-t M t) - 1 1
@ a--d ) G A e i
-
1 -tk ()= @(-1) 1
(5) B=35 5 (=5) \( )tfﬁ at - Y1)
-1

(see formulas 5-8 and 6-3)., In this report a rigorous proof of (3)
will be glven and even an asymptotic expansion of b will be ob-
talned (see (17)).

In the case that w(t) is analytic one can modify the path of
integration In the inner integral and thus obtain the analytic
continuation of thils integral as a function of s over the whole s-
plane with the exception of the points s=+1. Then one can apply
the method explained in a special case in section 4 of the report
mentioned, dealing with integrals of the form ?"ﬁi' §'—rﬁ-_’f v (s)ds,

where IP(S) 1s analytic for s# +1. In our case, where we do not
assume analyticity of kP(t), we have to follow another procedure.

Throughout this report we shall suppose that @ (t) is inte-
grable over (-1,1) and that at t=-1 the first k right-hand deri-
vatives of kP(t) and at t=1 the first k left-hand derivatives of
Y(t) exist, where k is some positive integer. We then can find a
sequence of polynomials gq(t),gg(t),..ﬁ,ggk(t) satisfying the
following requirements:

1°, gj(t) is a polynomial of degree j-1 (J=1,2,...,2k)
20. at the endpoints one has, for 1=1,2,...,k,

{o(th)i"q) as t - -1

P 8ay (0 = o((1-t)1)  as & = 1

P(t)-gpy () {0((4+t)i) as t—s -1

o((1-t)Y)  as t— 1 .

In particular, gq(t)= $(-1). Further we shall denote by e the
highest coefficient in gj(t) (3=1525...,2k). We finally put
Re 0 =

With the above assumptions and notations we shall derive the
following asymptotic expansion:

(6) 1, = %;J~%9(~cos X)-8o (-cos x)}sin(nx+¢4ﬂjdx +
° . é%% {%p(n) Ap+bp(n)Bp} + O(gézg)’

where



2p-2 2p-2
(1) ogn) = i § B2 (5t le
2 2 2p-2
(8) by(m) = - opr § 28, () el —
/‘

1 1-tye (e t ¢2p-
(9) Ay =g | (G Hiren =alt)y ar - S

(£-1)P(t+1)P"

1,
i - k'P(t) n(t 2
(10) B = m ;{ (el (t- 1)%?t+1§p I st

We shall first deduce (6) and then discuss this result. For
the proof of (6) we shall use that

1
(11) 2p(0) = gy a)s () = o) -

n

These estimates are obtained as explained in Rapport TW 33 (in
particular §'&), and will also be deduced at the end of this report.
Further we shall use a certain mixed expansion of f%E . We have

(12) = g * ey
and also

4 1 +1
(121) Tz < T Y TERI(ET

Applying alternately (12) and (12') we get

1 E ()P @) K (51)P(a4) P
(13) Tz 52% (t-1)P(t+1)P" ' p=1 (£-1)P(t+1)P '
. {z-1) (z+1) 1

(t-1)%(t1)E T2 7

We shall successively deal with the integral in the right-hand
member of (2) with (i) replaced by 8oy (t) and ?(t)—gek(t) respect-
ively.

1 dsJ 1 S H 1 1-t fA dt
I. PUt b} = g = j (ree) gal) tig(s+ 3)
-1 8

Further writ%

1) =3 [ G et &5 (2 & B,
21
aw

1 We
F(z) = par f G eadw) 555
C
where C 1s a simple contour around the points -1 and 1, which does
not enclose the point z. We have

P(z) = é% (e“f“Ti_e*”"i)I(z)u - singrr | I(z).
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Further, using (13), with t replaccd by w, we have /

F(z) = E%% F.(z) + R(z),
=

where
el =t [ G st (b o
o) = g [ G el gz:;;ig::gg“dw,
(o) = g [ G ey (Bl 2

Now, by the calculus of residues,

dw
w-1)P(w1)P”

E?FI‘f(’vTﬂ 8op-1(¥) (

1 J‘ (w—1)pt dw
g, (w) = C ,
27l Wi 2P0 (w=1)P(ws)P  @P

dw e g2k(z)
(w-1) (we1) E (w-z) 2#10 (2-1)K(z+1)®

sz (w+’i 8oy (W)

since the residuec at the point w=09 are successively equal to
0
°2p~1’ cgp,O. Hence, by 27,

-1 -1 inpr {1ty Boil B)-Bpp 4 (E)
Fop-1(2) = (2-1)P7"(z+1)P g C2p-1~ S lﬂ (13¢) (t_q)p(tiq)p—w

1
- i 1.t M B )-8, (1)
ng(z) = (2-1)P(z+1)P 1 {C2p- i%ti*.’ii (o) (t-q)p(mi)p dt} ,

R(z) = - (1) g (2).

So we f{ind

2
(1) b= o a} 98 (3=8)"" L 1(-b(s+ D))
d

8 /’(-S)Er.
- ST o = AT

' {551 Fapq(E(s+))+ z F2p<—%<s+~g->>+a(-%(s4~g->>}-

=

k
- égi {ap(n)Ap + bp(n)Bp} ,

where

1 -t P B2l B)-Bpp_4(E)  opp 4
”"f G e O SR

P
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4 .
. 1'~f (d=tym 8o (t)-85,(t) gt _ 22D
p Tw 'H‘t (t-’[) (t+,‘)p sinpr

71
and ap(n) and bp(n) are given by (7) and (8).
Here we have used that

/‘

5 (222) M R( 3 (s40)) = - 2o Oer Sal -2 (e = 0.

it

I1 Put 1
o = ol § 2 () £ T ) S
o § 1 (53 =) v roEy

where W (t) = (t)-g, (t). Further take S::%—and write

b, = Eﬂi §‘ _DH1 (1+s = I+t 3’

say. We first deal with Iq. In the expression for this quantity we

interchange the two integrations and then modify in a certain way to
be described below the path of integration with respect to s. For

fixed t the factor —~—~——T~ has two simple poles at the points s
t+~(s+—) 1

and So glven by

= -t + 1 Vi- (Im s, >0, Im s,<0).

51,2 T 1

One has

1 - 28 _ .28 g 1. __1 }
t+%(s+%) (s—sq)(s—se) 8-8p [ 8784 878

Further, tz-%(sq+%~) = -3(sp+ g—), hence
1 2

t+1
T=T (1+s,‘) = (mg) ’
-3 - . ,H-
(1+81) = e ;‘—‘Wl (1i-t)f“ (q+82) ,urr’i (1+t)}v‘~

Hence the sum of the residues of

q-g oM 4

1
AT (1+s) at the points s

and Sy is equal to

t+§( +1 1
t - yri ~-n
(1+ )M ° 2 { 81 n*eﬁ" 82 }
i -ix
= (1+t)F' siség ; pT) , if s =€ ¥ (and so sp=e ).

So we find



1-d

2
( 1 ﬁg_. w(m ) (t) m§sn+‘1 (*H»a) t+§(s+§
1~
- g i (t) sln(nx«»uﬁl dt
"J_1+§w sin x
2
ds (=8 Moo
t dt »
_1:+ ) y(t) Eﬁiﬂf‘ (735) t+%(a+%)

where X 1s determined by -co8 X = -%(s + ——)mt and where C, denotes
a contour from +00 t0 +0o , which encloseg the interval E?coj on
the real axls and which does not c¢nclose the points 31 o for any t
with -1+d € t <1-d , and C, a similar contour from -0s to -op
around the point -1 (see figure 1).

i

— e e -

L

1.3

- v = - — - -

2 1
We now compute
- o1
1 5 (’I—t)f"‘ 1 !
= y(t)dt . 5 f +7{ + =) = Iy
say. Using the expansion (13), with % e-} (s+% , we get
3
I, = G, + S,
1 =3 3
where 1-&
1 w(t) dt
Gop- 1= »5 (It
2p- it -
P T s PR (6-1)P(541) P
2K 1 - 1 -
W.é 1 () (H (s )-1)P U (54 +1)" s,
g y V(£)dt _
20" 7 (t 1)P(t+1)P

2
o [ e (D) A (e (+D)+1)P as,
1



1-&
1f -t w(t) 1 1 1-5,°M
s =4 dt (=L .
b} _1+§ ( +t (t—ﬂ)k(t+1)k 2ﬂ1‘£; Sn+1 <1+S)
k
(< (erm) 1) ((sHh)+1)° 4o
64+ (s45)

The last expression can be estimated as focllows. We have

2
1 . 1 -1
-’12‘(5+”’)*1 = - (Cj 1) %(S+§)+1=- iig§l~ s

Kt+~é: s+30 ‘;1—t for s 21,
hence

2k ok
"2%"1’]01 ) f ”"'1"1 S’/MO LS+2;S)$ o os . 1o

_ 1 f (‘S~1)2k+2po(s+,‘)2k-2/"‘o s -
“K(1-t

Sn+1+2k
1
= Of )
(72 ) o278 o
Hence, since 1-t J = % R
- = O(—zyrzpe)
w1 ;EﬁszE ?
C
1
and so 1.8
S = 0 ) —prrm (5™ __Le(e) K dt}
R L CS LR
= 0 (—pptp) = Ol—pp=y) s
n o n
t)
because [m_| ={Re m|g % and is bounded in the interval
of =lrepe]s 2 (1-1)%(1+t)
(=1,1), by the choice of gzk(t).
In a similar way we can treat
" = 1 (1 ) (t ds - ) 1
157 CE=TAN 4 E j ] 1+s o1 (s4d)
~1+ AR
Since
- 1 -1
mjcf —-=]-(T;g> " (3 (s P N (A (D) #1)P asma(n),

2p4

1 5 T CPES - T P R VRS - oy

mfm Ser (59 (o] P (e +) P dseb (),
C

we get
i

K
no_ 2: n g
I e {ap(“)% ¥ bp(n)Bp} " Olmer)
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where 1-9
A" = _1 ’1-—‘6)1"“ W(t) d
p ™ ( p p-1 &
Py (t=-1)"(t+1)
1-c
" 1=t M (t)
B_ = —J (ars) k4 at

Next, we estimate 12 and IB' For the path of integration with
respect to 3 we take the cilrcle around O with radius 1- 3 . We then
have it+%(s+%)}g §382+2ts+1) =%[ (3—31)(5_52)2§ %§s-ﬂ,2, hence

~1+d
(1) p(t) =2 - o 1y,
f_,‘ P e [s-1]?
and so

=
o
4
(&
=
e
0
oF
+
e

S e M
[(1-2)e™ +1]|Fo }

0
in(2M.-1,1-2
- o{ék“"‘o“ (%)m PE {uo)}
'1
= O(;E;F%) = 0(;§*77g) .
Similarly,
_ 4
13 = 0(;&:5)

In our final result we wish to get rid of the guantity J. we
first note that

1-d
w(t) sin£?§+guw) dt [-cos x = t]

gy sin(ox+m™) oL g Jr1+5 dt +J‘ 1t kdt
Jﬁ %J( ) sin X %:“?%T %@n?%?

1
= -c08 X)) sin(nx+ parr)dx + O
f\y( ) stn(oxs prm)dx + O—yr)

)

Further, writing _1
o2 (A=tyH y(t) at,
P nb-q T+T (t«1)p(t+1)p~1
I! -
B; 2 jﬁ (4~t)F Y (t) at,

T Y (e-1)P(een)P

i

we have
111

Al A: + olg1Hmin(k-p+py, k-p+1-p4)

= &% & o(8KTPHT M)



and B; _ B: N O(Jk-p+1— )FB!)‘
Hence ap(n)Ag = ap(ﬂ)A; + O(ngp_ﬁiglpb[ : nk-;+1+f*o )
= ap(”)A; + O<nk+pj3lr*og’
bp(“)Bg = bp(n)B§ * O<ﬂ2p-2+2 Mo nk-;+1*if‘ol)
= Dp(nEg + O(nk’rp/"BH*o%)'

So our final result is

(16) bl = I, :qIE —
= %g Yy (-cos x) sin(nx+pxm)dx + O(;%%)
K * * i
* gg% gﬁap(n)Ap + by (n)BY + O(nk+p—3lH01X}

+ O(;é%:ﬁ) + O(Eé%g)

m k
= ’-i—‘([ w(-cos x)sin(nx+mrr)dx+ g—:_q ap(n)A§+bp('n)B§§+O(;€:§).
From (14) and (16) our result follows.

We finally meke some remarks concerning the formula (6). The
first term in the right-hand member of (6) is not of much significance.
In fact, let us write W(-cos )-ggk(~cos x)=h(x) and let us suppose
that ?(t) is k times differentiable, not only at the points -1 and 1,
but in the whole interval (-1,1). Then h(x) is k times differentiable
in the interval (0,m), whereas

h(p)(—ﬂ) = h(p)(ﬂ) = 0 for p=0,1,2,...,k-1,

by the definition ofvggk(t), Hence partial integration yields
w kgl

vf h(x) sin(nx+pr)dx = %-Jf h'(x)cos(nx+pmrr)dx =
0 T 0 1
-+ SE th(k)(x) ggg (nx+pmm)dx = O(;E$§)‘
0

So, writing down the terms in the right-hend member of (6) up to the
terms of order O(—

), we get the following result:

3

If w(t) is k times differentiable in the whole interval
£-1,173 , then one has




-0~

C(x+1) /2
(17) b, = é(;Jr / J{ap(n)Apﬂap(n)Bp} + o(;%%-) ,

where ap( ),bp(n), Ap,Bp are given by (7) - (10).

In the case M=0 (which we excluded above), however, only a term
similar to the first term in the right-hand member of (6) appears.
In fact, in this case b is simply a Fourler coefficlent, viz.

b = ‘rrf f(x) sin nx dx.

: We shall now show how Lauwerier's result (3) can be deduced from
our result (17), To this end it is necessary to suppose k 22, i.e.
that ¢ (t) is twice differentiable in the whole interval [-1,1] . Then,
by (17),

b, = a,(n)a, +b.(n) B, + o(n=372y,

(R 1

We consider successively the quantities Aﬂ,Bq,aﬂ(n),bq(n). Put
w(-1)=a, Y(1)=/8. Then
g,(t) =B, ey(t) = & (1-t) + £ (1+t).

Hence, if A and B are given by (4) and (5),

A1 =
_ %ﬁ _e(E) oo /32 ~/3
Bw“zer (% { R e AL v ayvse
= -5A - 3B,
Next 2
: 1 -n-1 ,1-8
a,‘(n)=mf 3 (m) ds
C,]+c2
-N- _5, oM n 1 -n-1,1-8y "M
=mmr) TR 0e e () gmr) 9T e
C Co
1 5o ’
o} -
sin 2pm —n-1,8-1\" n+1~f -n=-1,8-" K
-~ 2 f]ﬁs (5?—) ds + (-1) 8 (51—) ds(,
1 1
The last 1ntegrals can be expanded as follows:
e -1 7 nx, e -1 om
s™h” ) ds = e M=) dx
S+1 e 41
1 0
T -1 2 ek -1
= 2 je x“Tdx(1+0(n ))swf(wep).(wq(n )) .,
. 0
%énd similarly
2M

f; s s - —%:ZFP('tﬁ-zH)(wo(n““)).



-11-

Hence

2P . 2pm
2 -1 n 2 -1
a,(n) = (1+0(0” 1)) + (1) ————gqmpp; (1#0(n7 )).
1 ['(-2p)n ¥em IV
Further
=D 2 -2
bq(n) =—§.~?%{4: 57" (1-3) ﬁ?s+ﬂ)2 ds +
! P e [ 8T () ) 2P
o0 Cq
=+ 2T 2 ‘”’f s™772(5-.1)2M541)% % 35 (a+0(n™h)
1
1-2pe
- - = (1+0(n™ "))

So, finally,

2}«'- 2 é‘?/*
b _=-A - } (A+B)

{.Ij( 2r0n1+aM (Efonﬂ <M fK-2r9nq+2H"+
+ O(h 2+22f‘0“

RIS - W S -

- ‘2+B;Hol
P(zﬂ)nq—gﬂ F(«Q,-A)T])'-F&/u

+ 0(n

This proves (3).

Finally we wish to show how one can expand the sum 1n the right-
hand member of (17) to ascending powers of 1/n. For this purpose we
define

oo

c(m,5,5) = j‘ ;5%7 (8—1)6 (s+1)6‘d

q

where m 18 a positive integer and ¥ and d are complex numbers with
REJ > -1. Then

)*f*(s+ﬂ)2p'2(s—4)2p”2

ds +
(25)20-2 °

ap(n) "TTf 7 (5
1

1—s)~2ﬁ*(s+1)2p’2(s-1)2p'2

1
= (_1)” (25)29'2

2l S0+ (1+s
Chp 8

ds

- %ﬁ“pfw -e(n+2p-2,2r*2p~2.—2/»‘+2p—2)+(~1)“0(n+2p~2&—Eﬁ*QD-QJEﬁ+’¢’p*2)}»
2 2p 2p-2
1 4 1 1-8yT(s41)P(s-1)
b_(n) =- f (352 ds
P o5 8n+1 +3 (28)29*1
4
2p-2
n+1 ~2M (8- 1lAp(3+1)
-(-1) m,g "m (75 (23)25-] I
- .—__.2..%2 gfm {c(ﬂ+2p~1,2}*+2p~2,—2}—'~ +2¥3)+("1)nC(N?P"‘:"2!“*29’2/‘*““213"2)%'
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Hence [( )/
k+1)/2)
in 2 o
(18) b = ?'..E%ﬂ S {{05 ep A, (n+2p-2,2M2p-2, -2pt2p-2)

p=1
+ 2q'2po c(n+2p~1,2p«+2p—2,-2¢w2p)}
+(-1)" gez-eo A, o(n+2p-2,-2r42p-2, e,w-ep-e)+21’2p5pc(n+2p-n , -2A+'2p,2f»&&>~2)z
—k+%)

+0(n

Here the asymptotic behaviour of the ¢ can easily be determined. One
has oo

c(m,y,d) = jﬁ s-m‘q(s—ﬂ)x (s+1)é‘ds
1

o0 J
- 2'§f e ™ (e%_q)b §1+ 9-}.;:1% dx
0
= 2&.m°€"1[“(5+1) - dq(g,é)m“x'2£7(6+2) +o.
+ 8 (T P (rieen) 4 o(m787R),

where d1(5,§), dg(y,é),... are constants not depending on m,



